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translation-invariant (t.i.) mappings qa from s to 34P(E), that is, the mappings such that qI(Xh) = (qI(X))h (X E i, h E E).
We can verify that the partially ordered set (ID, <) is a complete sublattice of (T, <). An important notion related to t.i. mappings is that of a kernel, introduced by Matheron (1975) As will be seen below, the representation by a supremum will be derived directly from the notion of a closed interval and a very simple lemma.
Let (P, ) denote a partially ordered set. Given a b in P, the subset of all elements x E P that satisfy a _ x b is called a closed interval of P and denoted by [1
We are now ready to state and prove the main result of this paper.
THEOREM

(Translation-invariant mapping representation by a supremum).
Let qi be a t.i. mapping andY(qi) its kernel; then qi = V { -(? (A, B): [A, B] c %((i)}.
In other words, qf(X) = U {X(? (A, B): [A, B] c((qi)} (X E d).
Proof. Let qi be any t.i. mapping. By using Lemma 2.1, the subcollection X(ql) of the partially ordered collection (sd, c) can be written
((qi) = U {[A, B]: [A, B] c X(q)
On the other hand, we have 
Representation by an infimum.
Once the representation by a supremum has been established, the easiest way to introduce the representation by an infimum is by using the duality principle.
Let s* = {X c E: XCc E d} be the collection of the complementary sets of sets in A. The mapping from F9q to ?S* defined by if *, where the dual mapping aR (from se to 341(E)) is defined by +f,*(X) -(f(XC))C (X E i is decreasing two-sided (i.e., +l < f2 if and only if 0 < q4) and bijective, in other words, the mapping ql * >if* is a dual lattice-isomorphism from (Ps, <) to ((D4*, <).
Let A = {x E E: -xE A} be the symmetrical set of a set A c E. We now introduce a subset of t.i. mappings in P> S from which it will be possible to represent any mapping in kDj by an infimum. This subset is formed by all the so-called inf-generating mapping 3. Increasing, decreasing, inf-separable, and sup-separable mappings. The objective of this section is to specialize the representation theorems of the previous section to the cases of increasing, decreasing, inf-separable, and sup-separable t.i. mappings. In the former case, we will obtain Matheron's representation theorem. The terms inf-separable mapping and sup-separable mapping have been chosen because, as shown in parts (1) and (2) of Corollary 3.1, such mappings can be written, respectively, as an infimum and a supremum of two mappings: an increasing and a decreasing one. For inf-separable mappings the increasing part is a supremum of erosions, while the decreasing part is a supremum of antidilations. For the supseparable mappings the increasing part is an infimum of dilations, whereas the decreasing part is an infimum of anti-erosions.
Moreover, we can observe that the infimum (respectively, supremum) of an increasing and a decreasing mapping is an inf-separable (Matheron (1989)) (respectively, sup-separable) mapping. Hence, from the above, the statements:
( In the case of a finite set E of n elements, we can uniquely associate to each t.i. mapping qi from 3?P(E) to 3?P(E) a Boolean function f of n variables which takes the true value whenever the input combination corresponds to a subset X satisfying the condition 0 c qi(X). In the standard representation of f by a sum of minterm, each minterm corresponds to an element of the kernel of qi. The usual simplification techniques for Boolean functions of the switching theory (Hill and Peterson (1974)) can be applied to simplify the representation of qi by a supremum. The determination of the so-called prime implicants of the Boolean function f by the Quine-McCluskey method leads exactly to the basis of qi, since the prime implicants of f corresponds to the maximal closed intervals contained in Xqfr). Moreover, in a minimal sum-ofproduct expression of f obtained by selecting an optimum set of prime implicants, as proposed by Quine and McCluskey, the products correspond to maximal closed intervals contained in ((qi) which still properly cover ((qi). By using all these maximal closed intervals, a representation of qi by a supremum can be achieved that is identical or even simpler than the minimal representation given in Theorem 4.1.
The dual form of the minimal representation by a supremum is now presented. For the moment, let E represent a given topological space which is assumed to be locally compact (i.e., each point in E admits a compact neighborhood), Hausdorff, and separable (i.e., the topology of E admits a countable base). Let 9 be the collection of closed subsets of E. The collection i is assumed to be topologized in the way proposed by Matheron (1975). Following Matheron, the selected topology on S is the one generated by the set of collections of the type [1 When E = Zd is equipped with the relative Euclidean topology, then 9 = W = GP(E) and parts (1) and (2) In what follows, in the nontrivial case for which X n 2 has more than one element and under some circumstances given below, it is shown that (5.1) is exactly the minimal representation by a supremum for if.
For the moment, let us assume that the above collection 2 satisfies the following assumption.
Assumption 6. Conclusion. In this paper, a pair of representations for translation-invariant mappings has been introduced. In ? 2, the representation by a supremum has been obtained as an isomorphic property of the decomposition of any subset of a poset as the union of its closed intervals. The representation by an infimum has been obtained by using the duality principle. In ? 3, the simplification of the representations for inf-separable and (respectively, sup-separable) mappings have shown that such mappings can be written as the infimum (respectively, supremum) of an increasing and a decreasing mapping. For inf-separable mappings, this property follows by observing that their kernel are convex. In ? 4, it has been proved that any upper semicontinuous mapping has a minimal representation by a supremum, that is, the maximal supgenerating mappings used in the represention of 4' are sufficient to represent 4' by a supremum in a minimal way. It is important to note that the upper semicontinuous condition can be applied only for mappings whose domain is the collection of closed subsets of E, but that other mappings may have a minimal representation by a supremum. In ? 5, some examples of inf-separable mappings and general mappings have been presented. In the case of the window transformations of Crimmins and Brown, the minimal representation by a supremum has given some insight on previously known results.
Finally, three topics for future research can be outlined: the proposed representations are well adapted to be implemented on simple highly parallel architectures, which should lead to efficient image processing; in practice, exact representations may not be necessary; in such a case, it should be possible to construct approximated representations for a mapping from subsets of its basis; the results derived here, for set mappings, should be extended to function mappings, offering a new tool for digital signal processing.
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